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Abstract 

We demonstrate that sizable neutrino flavor oscillations can be generated 
in a model with large extra spacetime dimensions even if the physics on the 
brane is flavor-diagonal, the bulk neutrino theory is flavor-neutral, and the 
brane/bulk couplings are flavor-blind. This is thus a compact model for ad- 
dressing neutrino flavor oscillations in higher dimensions. We also discuss 
several phenomenological aspects of the "bulk-mediated" neutrino oscillations 
inherent in this model, and show that this model contains some potentially 
important new phenomenological features in the limit of large brane/bulk cou- 
pling. 
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Over the past few years, experimental evidence that neutrinos have mass and 
undergo oscillations has been pointing towards the existence of new physics beyond 
the Standard Model. Recent SuperK data on solar neutrinos and atmospheric 
neutrinos 0, combined with the LSND accelerator measurements 0, has provided 
a new challenge for our understanding of the lepton sector of the Standard Model. 

In some sense, the observation of lepton mixing restores a parallel structure be- 
tween the quark and lepton sectors of the Standard Model. However, although the 
quark sector of the Standard Model is characterized by relatively small flavor mixing 
angles, recent data suggest that the lepton sector experiences large flavor mixings. 
Explaining the origin of these large mixings thus becomes a theoretical challenge. 
One important observation in this regard is the fact that right-handed quarks carry 
both color and electromagnetic charge, while right-handed neutrinos are neutral un- 
der all Standard-Model gauge symmetries. Thus, it is plausible that right-handed 
neutrinos have completely different origins than their quark counterparts. 

One interesting possibility 0, Q is that the right-handed neutrino may be real- 
ized as a closed- (rather than open-) string state, and hence may propagate in the 
higher-dimensional bulk corresponding to a large extra spacetime dimension. The 
possibility of having large extra spacetime dimensions has been proposed as a 
method of lowering the fundamental high-energy scales of physics such as the GUT, 
Planck, and string scales. Allowing the right-handed neutrino to feel these extra 
spacetime dimensions would have profound consequences for neutrino physics; in- 
deed, it might then be possible to use neutrinos as a method of probing the physics 
of large extra dimensions. Various phenomenological aspects of higher-dimensional 
neutrino physics have been explored in Refs. [|, |, 0]. 

One key issue concerns the embedding of flavor into such higher-dimensional sce- 
narios. All flavor models in the literature thus far introduce one bulk neutrino for 
each of the three brane neutrinos, thereby extending flavor into the bulk. However, in 
such cases, the brane/bulk couplings become arbitrary 3x3 mixing matrices whose 
parameters are undetermined. Moreover, the three bulk neutrinos can in principle 
correspond to different extra spacetime dimensions with different radii. Thus, one 
obtains a scenario with many undetermined parameters governing neutrino masses 
and mixing angles. 

By contrast, we shall here introduce a "compact" model in which only one bulk 
neutrino is required. In other words, we shall consider flavor to be a property internal 
to the Standard Model, one which is restricted to the brane and which therefore does 
not extend into the bulk. Furthermore we shall assume flavor-blind couplings between 
our brane and bulk fields. Thus, in this model, only the physics directly on the brane 
is flavor-sensitive. Moreover, for simplicity we shall also assume that our brane theory 
is completely flavor-diagonal. Despite these facts, we shall see that neutrino flavor 
oscillations can still arise. 

We begin by briefly describing the model. On the brane, we introduce three left- 
handed neutrinos Vi {i = 1,2,3); these are our flavor eigenstates. We assume that 
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these left-handed neutrinos have corresponding Majorana masses rrii on the brane, 
and we shall take the rrii to be unequal. It is in this way that we shall distinguish 
between the different flavors on the brane. Note that for our purposes, we shall simply 
consider these Majorana masses to be arbitrary input parameters, and we shall not 
speculate on their origins or sizes. Despite the presence of these masses, however, we 
shall not introduce any explicit flavor mixings between the left-handed neutrinos on 
the brane. Thus, our theory on the brane will be completely flavor- diagonal. 

Our bulk theory will be identical to that considered in Ref. 0]. Specifically, we 
shall consider a single five- dimensional Dirac fermion \E', which in the Weyl basis 
can be decomposed into two two-component spinors: = ■?/'2)"^. This Dirac 
fermion does not carry any flavor indices, and is therefore completely flavor-neutral. 
We impose the orbifold relations 4'i^2{—y) = ±^^1,2(1/) where y is the coordinate of 
the fifth dimension. In order to have a diagonal mass matrix, we also introduce the 
linear combinations A^W = (V-i"^ + ^"Vv^ and M^") = (z^j"^ - z^^^Vv^ for all 
n > 0. Assuming that the brane is located at the orbifold fixed point y = 0, we see 
that 1^2 vanishes on the brane. The most natural brane/bulk coupling is therefore 
simply between z/j and tpi. Although in principle each left-handed neutrino Ui on the 
brane can have a different coupling to ipi, we shall consider a simple model in which 
this brane/bulk coupling, labeled by rh, is completely flavor- universal. 

Given these assumptions, our Lagrangian has the form 

£brane = ^ rf^X ^ | I^iia'^L'^I/i + (z/jZ/j + h.c. ) | 

>Cbuik = / d^x dy Ms \ i)iia^d^i)i + iJ2i^^df,ip2 



coupling 



3 

d'^x^{mUiiJi\y=o + h.c.) . (1) 
1=1 



Here Mg is the mass scale of the higher-dimensional fundamental theory. By com- 
pactifying the Lagrangian (|l]) down to four dimensions we obtain 
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where m = rh/ ^J2'kMsR is the volume-suppressed brane/bulk coupling resulting from 
the rescaling of the individual \ A^*-"-*, and M*^"-' Kaluza-Klein modes. 

Given the Lagrangian (EI), we see that the Standard-Model flavor-eigenstate 
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neutrinos z/j will mix with the entire tower of Kaluza-Klein states of the higher- 
dimensional field, even though they do not mix directly with each other. Defining 



(3) 



we see that the mass terms in the Lagrangian 
where Ai takes the symmetric form 



take the form i(A/"^A^A/' + h.c. 
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In this model, the bulk theory is flavor- neutral and the brane/bulk couplings are 
flavor-blind. Moreover, the theory on the brane is flavor- diagonal. Nevertheless, it 
is immediately apparent the three brane neutrinos will undergo flavor oscillations as 
a result of their indirect mixings with the bulk Kaluza-Klein neutrinos. In order to 
demonstrate this explicitly, we can determine the eigenvalues and eigenvectors of this 
mass matrix. It turns out that the eigenvalues A of the matrix are given exactly 
as the solutions to the transcendental equation 
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For each solution A to (|^), the corresponding mass eigenstate l^x) is then exactly 
given by 
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(6) 



where Nx is an overall normalization constant. 

Note that the different flavor eigenstates |z/j) consist of different linear combi- 
nations of the different mass eigenstates {ux) for each A. Thus, the different flavor 
eigenstates will experience a relative oscillation with each other. This oscillation is 
entirely "bulk-mediated" in the sense that there are no explicit flavor mixings on the 
brane; it is the presence of the higher-dimensional bulk which is completely respon- 
sible for inducing the flavor oscillations on the brane. Note that these oscillations 
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are similar in spirit to the so-called "indirect" four- dimensional neutrino oscillations 
discussed in Ref . P] , except that here we have an infinite tower of higher-dimensional 
Kaluza-Klein states mediating our fiavor oscillations and we have no explicit mixing 
angles on the brane. 

We shall now discuss several phenomenological features of the "bulk-mediated" 
fiavor oscillations inherent in this model. In general, we are interested in the probabil- 
ities Pi^j{t) that lui) oscillates into |z/j) as a function of time t. For i = j, this refers 
to fiavor preservation on the brane, while for i ^ j this refers to fiavor conversion 
on the brane. Note that in general, Pi^j = Pj^i for all For phenomenological 

purposes, we are mostly interested in the probabilities Pi_»i(t), ^2^2(^)5 and P2^i{t) 
where the subscripts (1, 2, 3) signify (z^e, i^^, Vr) respectively. These are ultimately the 
three probabilities which are relevant for addressing constraints from solar, atmo- 
spheric, and long-baseline neutrino experiments. 

In the following, we shall rescale all of our mass variables {mj, m} by R so that 
these variables henceforth correspond to dimensionless quantities. Thus, our model 
has only four free dimensionless input parameters, {m, mi, m2, ^3}, while the radius 
R serves as an overall length scale. These parameters ultimately determine not only 
the masses of the physical neutrinos, but also their relative effective mixing angles. 
We shall also define a dimensionless time variable, t = t/{2pR^) [1/2R'^){L/E), 
where L ct is the spatial distance between the locations of neutrino production 
and neutrino detection, and E ^ pc is the neutrino energy. We can then plot our 
probabilities Pi^j{t) as functions of t. 

Let us first consider the case when the brane/bulk coupling is extremely small, 
i.e., m <^ 1. In such cases, the mass matrix (|^) is nearly diagonal, and there is 
relatively little mixing between the brane neutrinos and the bulk neutrinos. However, 
we find that large fiavor oscillations can nevertheless be achieved for certain values 
of the input parameters {m, mj}. As an explicit example, let us consider the case 
m = 0.01, mi^2 = 1 T Sm/2, and = 5, with 6m = 1112 — nii free to vary. The 
resulting neutrino oscillations are shown in Fig. |l|. Note that as 5m 0, the resulting 
fiavor oscillation becomes effectively maximal in the sense that we achieve full flavor 
conversion. In achieving this large flavor oscillation, we are exploiting a resonance 
between two approximately degenerate brane neutrinos 1 2^1,2) and the flrst excited 
Kaluza-Klein bulk neutrino |A^''^^), so that large effective flavor oscillations between 
the brane neutrinos are mediated indirectly through their oscillations with the bulk 
neutrino. Nevertheless, no mixing angles on the brane are required. 

Even though this flavor mixing appears to resemble a simple two-state oscillation 
in the limit 5m ^ 1, the time-averaged probabilities for each flavor are not 1/2, but 
3/8. This reflects the fact that we are dealing with a three-state oscillation in which 
1/4 of the total neutrino probability has been lost to the bulk neutrino jA^*^^-*), and 
is hence "sterile" from the point of view of flavor on the brane. 

When all three of the brane neutrino flavors are approximately degenerate, so 
that mi ~ 777.2 ~ ma ~ A; G 2, we flnd that the bulk neutrino mediates an effective 
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Figure 1: Bulk-mediated neutrino flavor oscillations with m = 0.01 and mi 2 = 1 T 6m/ 2, 
for various 5m. As discussed in the text, these flavor oscillations are essentially "maximal" 
even though all mixing angles on the brane are vanishing. 

four-state flavor oscillation which closely resembles a three-state oscillation on the 
brane. As an example, let us consider the case m = 0.01, 1712 = 1, and mi 3 = 
1 =p 5m/ 2. The resulting probabilities for flavor oscillation and preservation are then 
shown in Fig. |^. Although the probabilities for flavor preservation and conversion 
are flavor-independent for short times (top plot of Fig. 0), a strong flavor dependence 
develops for later times (remaining plots). In fact, the corresponding time-averaged 
probabilities are given exactly by 

:^ = 4/9, 1^:^=5/18, i^=l/9, 

:^ = 5/18, 1^=5/18, :^=4/9. (7) 

Thus, if we start with lz/2), we see that we are equally likely to have conversion into 
each flavor, whereas if we start with or lz/3), we are more likely to preserve the 
initial flavor, with equally spaced declining probabilities for conversion into nearby 
flavors. However, no matter which flavor of brane neutrino we begin with, we see 
that exactly 1/6 of the initial probability is ultimately lost into bulk neutrinos. 

The above discussion pertains to only several speciflc choices of parameters 
{m, mi, 7712,^3} in this model; a more complete discussion of these and other sce- 
narios will be presented in Ref. In all cases, however, we flnd that we can 
generate sizable neutrino oscillations even if the brane/bulk coupling parameter m is 
extremely small and the brane theory is flavor-diagonal. In general, large brane/bulk 
oscillations are triggered when any of the mj take values that are near integers (in 
units of R~^). Note, however, that this does not require a large flne-tuning. When 
the extra dimensions are large, the corresponding Kaluza-Klein states are relatively 
closely spaced. Thus, regardless of the speciflc mass of a flavor neutrino on the brane, 
there is always a Kaluza-Klein state in the bulk which is effectively degenerate with 
it. Thus, such brane/bulk resonances are natural and can therefore mediate large 
brane/bulk neutrino oscillations. On the other hand, when m is small, sizable flavor 
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Figure 2: Bulk-mediated neutrino flavor oscillations with m = 0.01, m2 = 1, and mi^3 = 
1 ^ 6m/2 for Sm = 10~^. Despite the rather complicated nature of these flavor oscillations, 
the brane/bulk coupling is small and all flavor mixing angles on the brane are exactly zero. 
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oscillations leading to flavor conversion still require approximate flavor degeneracies 
on the brane. 

This situation changes dramatically as the brane/bulk coupling parameter m be- 
comes larger. In such larger population of bulk Kaluza-Klein neutrino states 
participates in the neutrino mixings, and it is no longer necessary to have flavor de- 
generacies on the brane in order to generate sizable bulk-mediated flavor oscillations. 

As an example of this, let us consider the case when none of the mj are close to 
an integer or to each other. For example, we may take mi = 1/2, m2 = 3/2, and 
777,3 ^ 1- For small values of m, this situation gives neither neutrino oscillations nor 
flavor conversion amongst the two lightest flavors. However, as m increases, both 
neutrino oscillations and flavor conversions are generated. This is shown in Fig. ^ 
where we have plotted the time-averaged probabilities for neutrino flavor preservation 
and conversion as functions of the brane/bulk coupling m. 




0.5 1 1.5 2 

m 

Figure 3: Time-averaged probabilities for bulk-mediated flavor oscillations as functions of 
the brane/bulk coupling m, with mi = 1/2, 7772 = 3/2, and 7773 = 20. Although the 
flavor mixing angle on the brane remains zero, significant flavor conversion is generated for 
relatively small brane/bulk coupling 777 even without flavor degeneracies on the brane. 

These effects can be further enhanced if any of the mi approaches an integer (in 
units of R~^), for in such cases there is an additional effect due to a strong resonance 
oscillation between the corresponding brane neutrino and its degenerate Kaluza-Klein 
partner in the bulk. This situation mirrors the phenomenon already discussed for the 
small-777 case. As the most extreme case of this, let us consider the situation in 
which all three of the brane neutrino flavors are approximately degenerate with a 
bulk neutrino. For concreteness we take 7772 = G Z and 7771^3 = k^6m/2. Choosing 
k = 1 and ^777 = 10"'^, we obtain the time-averaged probabilities shown in Fig. ^. 
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Figure 4: Time-averaged probabilities for bulk-mediated neutrino flavor oscillations, as 
functions of the brane/bulk coupling m. We have taken m2 = 1, rrii^-^ = 1 =F Sm/2, and 
6m = 10~^. Note that with these parameters, Ps^s = Pi^i for all m. 

This figure may be understood as follows. As m — » 0, we expect that the preserva- 
tion probabilities should go to 1 while the conversion probabilities should go to zero. 
This is indeed what happens, except that as m — 0, the time- averaged probability 
P2^2 goes not to 1 but to 1/2. This reflects the fact that for any non-zero value of 
m, there continues to exist a maximal two-state resonance between |i/2) and |A^'^-'^^). 

As m increases into the range 5 x 10~^ ^ m ^ 0.1, we see from Fig. ^ that the 
neutrino probabilities then settle into an effective four-state resonance oscillation pat- 
tern for which the time-averaged probabilities are given in (|^) . As we see from Fig. ^ 
these time-averaged resonance values persist over several orders of magnitude in m. 
Finally, as m increases beyond 0.1, larger numbers of Kaluza-Klein states begin to 
participate in the neutrino oscillations. This increases the probabilities for oscillations 
into bulk neutrinos, which in turn causes our time-averaged neutrino probabilities on 
the brane to decline relative to their values in (^. Remarkably, however, we see from 
Fig. ^ that even though these probabilities decline from the values given in (|^, they 
still preserve their relative spacings as functions of m. Moreover, we see that the 
time-averaged probabilities on the brane do not fall to zero as m ^ oo, but instead 
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take the non-zero asymptotic values 



Pi^i = 7/18 , 



P1-.2 = 2/9 , 



Pi^3 = 1/18 , 



P2^2 = 2/9 , 



P2-.3 = 2/9 , 



P3^3 = 7/18 . 



(8) 



The fact that these asymptotic probabihties are non-zero illustrates that even 
when an infinite number of bulk Kaluza-Klein states contribute to the neutrino os- 
cillations, and even when the brane/bulk coupling is infinite, we still do not lose all 
of our initial neutrino probability into the bulk states! Instead, as m — >■ 00, we lose 
only 1/3 of the initial probability into bulk neutrinos. In other words, we see that 
2/3 of the original probability remains "on the brane" even when m ^ 00. This is 
in fact a completely general feature of our model, and holds regardless of the specific 
values of the mi. Moreover, this property generalizes: with Uf flavors on the brane, 
we find that only l/uf of the initial neutrino probability is lost into bulk neutinos.^ 

This surprising observation suggests that in our model, the large-m case may 
be able to evade various four-dimensional bounds (such as those from supernova 
cooling rates) which ordinarily restrict the sizes of mixings with sterile neutrinos. 
Indeed, our results such as those in Eq. (|) apply for large values of m for which 
it is not possible to employ constraints derived using a "perturbative" approach in 
which only the lightest few Kaluza-Klein bulk neutrinos mix significantly. Rather, 
an exact treatment is required in which the full Kaluza-Klein tower is incorporated 
simultaneously, for in our model it is the entire Kaluza-Klein tower that plays a 
role in reconverting bulk neutrinos back into neutrino flavors on the brane as the 
brane/bulk coupling becomes large. This issue, especially in conjunction with MSW 
matter effects, will be discussed further in Ref. 0. 

Thus, to summarize, we see that it is possible to have large effective "bulk- 
mediated" flavor mixing on the brane even when all flavor mixing angles on the 
brane are zero. Moreover, this occurs even when the bulk theory is flavor-neutral 
and the brane/bulk couplings are flavor-blind. This illustrates that in higher dimen- 
sions, it may not be necessary to have large flavor mixing angles on the brane in order 
to accommodate experimental data; small (or even vanishing) flavor mixing angles 
on the brane may suffice. Furthermore, even though this model contains only five 
free parameters, it yields a surprisingly rich neutrino oscillation phenomenology, and 
exploits the higher-dimensional nature of the bulk in an essential way. Moreover, 
its essential structure involving only one bulk neutrino leads to a radically different 
neutrino phenomenology for large brane/bulk coupling than is possible in models 
with multiple bulk neutrinos, and suggests that this limit might actually evade su- 
pernova cooling constraints. Thus, this model might be profitably used as the basis 

* Note that this property rehes crucially on the fact that we have taken only one bulk neutrino in 
our model; in other words, we have not extended flavor into the bulk. By contrast, if we had taken 
a separate bulk neutrino for each brane neutrino, we would have instead found that all neutrino 
probability is ultimately lost into sterile bulk neutrinos as m — > 00. 
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of a detailed investigation of the experimental viability of various higher-dimensional 
neutrino oscillation mechanisms. This will be discussed further in Ref. 
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